TUTORIAL NOTES FOR MATH4220

JUNHAO ZHANG

1. BOUNDARY VALUE PROBLEMS AND SEPARATION OF VARIABLES

Let us illustrate the separation of variables by studying some boundary value
problems.

Example 1. Solve the following Dirichlet problem for Poisson equation over a
sector in R2,

PP+ pdu+2u=0, 0<p<r0<¢<o,
u(p,0) = u(p,0) =0, 0<p<r,

™
=sin (= <p<0.
u(r, ) sm(egp), 0<p<o
Proof. Setting u(p, ) = R(p)®(¢), then R and ® satisty
p*®R" + p®R' + R®" = 0.

‘We denote A such that
sz“-i-pR' _ 7(1)7// 7

A
R )

For ®, we have
" + AP =0,
solving the second order differential equation. If A < 0, then the general solution is

D(p) = meV N aze V7

by the boundary condition at ¢ = 0 and ¢ = 6, we have
ar =as =0,

therefore

D(p) =0.
If A =0, then the general solution is

P(p) = a1 + azyp,
by the boundary condition at ¢ = 0 and ¢ = 6, we have
ap =ag =0,

therefore

D(p) =0.
If A > 0, then the general solution is

B(p) = ay cos(VAQ) + agsin(vVAp),

by the boundary condition at ¢ = 0 and ¢ = 6, we have

B(0) = B() = 0,
1
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then

for all n € N. Therefore n
(I)7L(<p) = Qn Sin(?‘p)a
for all n € N, where a,, is to be determined.
For R, we have
p’R" 4+ pR' — AR =0,
Solving the second order differential equation, if A = 0, then the general solution is
R(p) = b1 + baInp,
if A # 0, then the general solution is

where a satisfies
ala—1)+a—-A=0.
By the above discussion for ®, and note that u is bounded at the origin, we have

Rﬂ (p) = bnp%ra
for all n € N where b,, is to be determined.
Therefore we seek the solution in the following form

o0
nw o, nm
u(p,©) = cap’ sin (790) :
n=1

By the boundary condition at p = r, we have
2 /6 ) (77 ) . (mr )d rYe, n=1,
Cn = —ax sin | — s (| — =
"o 07 o 7)) 0, n>2,
then the solution is _
u(p, ) = (B) 7 sin (f >
PP r ) e

Example 2. Solve the following Dirichlet problem for heat equation over an inter-
val,

O

Ou—0u=0, t>00<z<lI,
u(t,0) =u(t,l) =0, t>0,
u(0, z) = sin (%x) , O<z<l.
Solution. Setting u(t,z) = T(t)X (), then T and R satisfy
XT' -TX" =0.
We denote A such that

T/ XI/
— = — ==\
T X
For X, we have
X"+ XX =0,

solving the second order differential equation. If A < 0, then the general solution is
X(z) = areV™ + age VT

)
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by the boundary condition at z = 0 and x = [, we have
a1 =as =0,
therefore
X(z)=0.
If A =0, then the general solution is
X(z) = a1 + asx,
by the boundary condition at x = 0 and z = [, we have
ap =ag =0,
therefore
X(z)=0.
If A <0, then the general solution is
X(2) = a; cos(VAz) + ag sin(vV/Ax),
by the boundary condition at z = 0 and x = [, we have

for all n € N. Therefore n
™
X, (x) = apsin (Tx) ,
for all n € N, where a,, is to be determined.
For T', we have

T + 2T =0,
solving the first order differential equation, the general solution is
T(t) = be M.

By the above discussion of X, we have
Tn(t) = bne_(%)za

for all n € N where b,, is to be determined.
Therefore we seek the solution in the following form

u(t,x) = Z cne*(%t)2 sin (?m) .
n=1

By the initial condition, we have

2 /l Lo . o/nw =
Cn = = sin (fx) sin (—m) dr =
Y l 0, n>2,
then the solution is

u(t,x) = e~ ()" sin (?m) .

Example 3. Solve the following Dirichlet problem for wave equation over an in-
terval,

RPu—Pu=0, t>0,0<z<lI,
u(t,0) =u(t,l) =0, t>0,

(u, Opu) (0, 2) = (0, sin (%x)), 0<x <l



TUTORIAL NOTES FOR MATH4220 4
Solution. Setting u(t,z) = T(t)X (¢), then T and R satisfy

XT'"'—-TX" =0.
We denote A such that

T// X//
— ===\
T X
For X, we have
X"+ XX =0,

solving the second order differential equation. If A < 0, then the general solution is

X(z) = areV™ 4 age VT,

by the boundary condition at z = 0 and x = [, we have
ap =ag =0,

therefore

X(x)=0.
If A =0, then the general solution is

X(z) = a1 + aqx,
by the boundary condition at z = 0 and x = [, we have
ap =ag =0,

therefore

X(x)=0.
If A < 0, then the general solution is

X () = a; cos(VAz) 4 ag sin(vVAx),

by the boundary condition at z = 0 and = = [, we have

for all n € N. Therefore
X, (x) = apsin (?x) ,

for all n € N, where a,, is to be determined.
For T', we have

T"+ AT =0,
solving the first order differential equation, the general solution is
T(t) = by cos(VAL) + by sin(VAL).
By the above discussion of X, we have
T, (t) = b1, cos (?t) + by, sin (?t) ,

for all n € N where b; ,, and by, are to be determined.
Therefore we seek the solution in the following form

u(t,x) = i (cl’n cos (nth) + ¢a,p Sin (?t)) sin (nlix) .
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By the initial condition, we have

then the solution is
u(t,x) = ! sin (zt> sin (Em)
o l 17/
A Supplementary Problem

Problem 4. Show that the eigenvalue problem for second order differential equa-
tion
d2
—d—;;(x) “w(z)=0, 0<z<l,
w(0) =w(l) =0,
has the following properties.

(1) There exists an infinite number of real positive eigenvalues that can be

arranged in increasing order 0 < A\; < -+ < A\, < --- that lim A\, = oc.
n—oo

(2) The set of eigenfunctions {wy, },,>1 form an orthogonal basis in L?(0,1), i.e.
for n # m,

l
<wnawm> = / wn(x)wm(x)dx =0,
0
and for arbitrary f(x) € L?(0,1), there exists a set {c, }n>1 C R such that

N
lim — CnWn =0,
N%w.f 2; L2(0,0)
where l
o f(@)wn (z)dx
" Jo wn(x)?dz
for n € N.

For more materials, please refer to [1, 2, 3, 4].

REFERENCES

[1] S. ArinHAC, Hyperbolic partial differential equations, Universitext, Springer, Dordrecht, 2009.

[2] L. C. Evans, Partial differential equations, vol. 19 of Graduate Studies in Mathematics,
American Mathematical Society, Providence, RI, 1998.

[3] Q. Han anDp F. LiN, Elliptic partial differential equations, vol. 1 of Courant Lecture Notes in
Mathematics, New York University, Courant Institute of Mathematical Sciences, New York;
American Mathematical Society, Providence, RI, 1997.

[4] W. A. Strauss, Partial differential equations. An introduction, John Wiley & Sons, Inc.,
New York, 1992.

Email address: jhzhang@math.cuhk.edu.hk



