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1. boundary value problems and separation of variables

Let us illustrate the separation of variables by studying some boundary value
problems.

Example 1. Solve the following Dirichlet problem for Poisson equation over a
sector in R2,

ρ2∂2
ρu+ ρ∂ρu+ ∂2

φu = 0, 0 ≤ ρ < r, 0 < φ < θ,

u(ρ, 0) = u(ρ, θ) = 0, 0 ≤ ρ ≤ r,

u(r, φ) = sin
(π
θ
φ
)
, 0 ≤ φ ≤ θ.

Proof. Setting u(ρ, φ) = R(ρ)Φ(φ), then R and Φ satisfy

ρ2ΦR′′ + ρΦR′ +RΦ′′ = 0.

We denote λ such that
ρ2R′′ + ρR′

R
= −Φ′′

Φ
= λ.

For Φ, we have
Φ′′ + λΦ = 0,

solving the second order differential equation. If λ < 0, then the general solution is

Φ(φ) = a1e
√
−λφ + a2e

−
√
−λφ,

by the boundary condition at φ = 0 and φ = θ, we have

a1 = a2 = 0,

therefore
Φ(φ) = 0.

If λ = 0, then the general solution is

Φ(φ) = a1 + a2φ,

by the boundary condition at φ = 0 and φ = θ, we have

a1 = a2 = 0,

therefore
Φ(φ) = 0.

If λ > 0, then the general solution is

Φ(φ) = a1 cos(
√
λφ) + a2 sin(

√
λφ),

by the boundary condition at φ = 0 and φ = θ, we have

Φ(0) = Φ(θ) = 0,
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then
a1 = 0, λn =

(nπ
θ

)2

,

for all n ∈ N. Therefore
Φn(φ) = an sin(

nπ

θ
φ),

for all n ∈ N, where an is to be determined.
For R, we have

ρ2R′′ + ρR′ − λR = 0,

Solving the second order differential equation, if λ = 0, then the general solution is

R(ρ) = b1 + b2 ln ρ,

if λ ̸= 0, then the general solution is

R(ρ) = bρα,

where α satisfies
α(α− 1) + α− λ = 0.

By the above discussion for Φ, and note that u is bounded at the origin, we have

Rn(ρ) = bnρ
nπ
θ ,

for all n ∈ N where bn is to be determined.
Therefore we seek the solution in the following form

u(ρ, φ) =

∞∑
n=1

cnρ
nπ
θ sin

(nπ
θ
φ
)
.

By the boundary condition at ρ = r, we have

cn =
2

θr
nπ
θ

∫ θ

0

sin
(π
θ
φ
)
sin

(nπ
θ
φ
)
dφ =

{
r−

π
θ , n = 1,

0, n ≥ 2,

then the solution is
u(ρ, φ) =

(ρ
r

)π
θ

sin
(π
θ
φ
)
.

□

Example 2. Solve the following Dirichlet problem for heat equation over an inter-
val,

∂tu− ∂2
xu = 0, t > 0, 0 < x < l,

u(t, 0) =u(t, l) = 0, t > 0,

u(0, x) = sin
(π
l
x
)
, 0 < x < l.

Solution. Setting u(t, x) = T (t)X(t), then T and R satisfy

XT ′ − TX ′′ = 0.

We denote λ such that
T ′

T
=

X ′′

X
= −λ.

For X, we have
X ′′ + λX = 0,

solving the second order differential equation. If λ < 0, then the general solution is

X(x) = a1e
√
−λx + a2e

−
√
−λx,
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by the boundary condition at x = 0 and x = l, we have

a1 = a2 = 0,

therefore
X(x) = 0.

If λ = 0, then the general solution is

X(x) = a1 + a2x,

by the boundary condition at x = 0 and x = l, we have

a1 = a2 = 0,

therefore
X(x) = 0.

If λ < 0, then the general solution is

X(x) = a1 cos(
√
λx) + a2 sin(

√
λx),

by the boundary condition at x = 0 and x = l, we have

a1 = 0, λn =
(nπ

l

)2

,

for all n ∈ N. Therefore
Xn(x) = an sin

(nπ
l
x
)
,

for all n ∈ N, where an is to be determined.
For T , we have

T ′ + λT = 0,

solving the first order differential equation, the general solution is

T (t) = be−λt.

By the above discussion of X, we have

Tn(t) = bne
−(nπ

l )
2
t,

for all n ∈ N where bn is to be determined.
Therefore we seek the solution in the following form

u(t, x) =

∞∑
n=1

cne
−(nπ

l t)
2

sin
(nπ

l
x
)
.

By the initial condition, we have

cn =
2

l

∫ l

0

sin
(π
l
x
)
sin

(nπ
l
x
)
dx =

{
1, n = 1,

0, n ≥ 2,

then the solution is
u(t, x) = e−(

π
l t)

2

sin
(π
l
x
)
.

Example 3. Solve the following Dirichlet problem for wave equation over an in-
terval,

∂2
t u− ∂2

xu = 0, t > 0, 0 < x < l,

u(t, 0) =u(t, l) = 0, t > 0,

(u, ∂tu)(0, x) = (0, sin
(π
l
x
)
), 0 < x < l.
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Solution. Setting u(t, x) = T (t)X(t), then T and R satisfy

XT ′′ − TX ′′ = 0.

We denote λ such that
T ′′

T
=

X ′′

X
= −λ.

For X, we have
X ′′ + λX = 0,

solving the second order differential equation. If λ < 0, then the general solution is

X(x) = a1e
√
−λx + a2e

−
√
−λx,

by the boundary condition at x = 0 and x = l, we have

a1 = a2 = 0,

therefore
X(x) = 0.

If λ = 0, then the general solution is

X(x) = a1 + a2x,

by the boundary condition at x = 0 and x = l, we have

a1 = a2 = 0,

therefore
X(x) = 0.

If λ < 0, then the general solution is

X(x) = a1 cos(
√
λx) + a2 sin(

√
λx),

by the boundary condition at x = 0 and x = l, we have

a1 = 0, λn =
(nπ

l

)2

,

for all n ∈ N. Therefore
Xn(x) = an sin

(nπ
l
x
)
,

for all n ∈ N, where an is to be determined.
For T , we have

T ′′ + λT = 0,

solving the first order differential equation, the general solution is

T (t) = b1 cos(
√
λt) + b2 sin(

√
λt).

By the above discussion of X, we have

Tn(t) = b1,n cos
(nπ

l
t
)
+ b2,n sin

(nπ
l
t
)
,

for all n ∈ N where b1,n and b2,n are to be determined.
Therefore we seek the solution in the following form

u(t, x) =

∞∑
n=1

(
c1,n cos

(nπ
l
t
)
+ c2,n sin

(nπ
l
t
))

sin
(nπ

l
x
)
.
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By the initial condition, we have

c1,n = 0,

c2,n =
2

nπ

∫ l

0

sin
(π
l
x
)
sin

(nπ
l
x
)
dx =

{
l
π , n = 1,

0, n ≥ 2,

then the solution is
u(t, x) =

l

π
sin

(π
l
t
)
sin

(π
l
x
)
.

A Supplementary Problem

Problem 4. Show that the eigenvalue problem for second order differential equa-
tion

−d2ω

dx2
(x)− λω(x) = 0, 0 < x < l,

ω(0) = ω(l) = 0,

has the following properties.

(1) There exists an infinite number of real positive eigenvalues that can be
arranged in increasing order 0 < λ1 < · · · < λn < · · · that lim

n→∞
λn = ∞.

(2) The set of eigenfunctions {ωn}n≥1 form an orthogonal basis in L2(0, l), i.e.
for n ̸= m,

⟨ωn, ωm⟩ :=
∫ l

0

ωn(x)ωm(x)dx = 0,

and for arbitrary f(x) ∈ L2(0, l), there exists a set {cn}n≥1 ⊂ R such that

lim
N→∞

∥∥∥∥∥f −
N∑

n=1

cnωn

∥∥∥∥∥
L2(0,l)

= 0,

where

cn =

∫ l

0
f(x)ωn(x)dx∫ l

0
ωn(x)2dx

,

for n ∈ N.
For more materials, please refer to [1, 2, 3, 4].
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